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SELF-PURE-GENERATORS OVER DEDEKIND DOMAINS
SIMION BREAZ
Abstract. We prove that all pure submodules of a finite rank torsion-
free module A over a Dedekind domain are A-generated (i.e. A is a
self-pure-generator) if and only if A has a rank 1 direct summand B
such that type(B) is the inner type of A. This result is applied to
describe the direct products of torsion-free groups of finite rank which
are self-pure-generators.
1. Introduction
Let R be a unital ring. We will say that an R-module A is a self-pure-
generator if every pure submodule K of A is A-generated, i.e. there exists
an epimorphism A(I) → K. The study of self-pure-generators was initiated
in [7], where the authors proposed the study of self-pure-generators abelian
groups. A characterization for self-pure-generators which are direct products
of rank 1 torsion-free abelian groups is presented in [7, Proposition 2].
The investigation of self-pure-generators is a natural extension of the
study of self-generator modules (a module M is a self-generator if every
submodule K of M is M -generated, [15]). Self-generator modules play an
important role in the study of module categories since in many cases there
are strong connections between the properties of a self-generator and the
properties of its endomorphism ring (e.g. [11, Lemma 2.4], [15, Lemma
1.4]). However, in many cases the self-generator condition is very restric-
tive: a torsion-free module over a Dedekind domain R is a self-generator if
and only if it has a direct summand isomorphic to R, [15, Theorem 2.1].
Fortunatelly, in some cases it is enough to ask that some special submod-
ules of a module A are A-generated. For instance, an abelian group A is
an S-group if every finite index subgroup of A is A-generated, [6], and A
is flat as a left module over its endomorphism ring if and only if for every
homomorphism α : An → A the kernel of α is A-generated, [15, Lemma 1.3].
Albrecht and Goeters describe some connections between these two classes
of groups in [3], where they use a class of finite rank torsion-free groups A
such that all pure subgroups of rank 1 are A-generated, [3, Lemma 2.1]. We
refer to [1] for other properties connected with A-generated subgroups of
finite powers of A.
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In Theorem 2.4, we characterize the torsion-free modules of finite rank
over Dedekind domains which are self-pure-generators as those finite rank
torsion-free modules A which have a direct decomposition A = B ⊕ C such
that B of rank 1 and it generates all rank 1 pure submodules of C. Using this
result we obtain in Theorem 3.1 a similar charaterization for direct products
of finite rank torsion-free abelian groups which are self-pure-generators. This
completes [7, Proposition 2], where direct products of rank 1 torsion-free
abelian groups are considered. In the end we use the groups constructed
in Example 3.2 to observe that the above results are not valid for infinite
direct sums of torsion-free abelian groups of finite rank, i.e. there exists a
self-pure generator torsion-free abelian group G which is a direct sum of an
infinite family of rank 2 abelian groups such that G has no direct summands
of rank 1.
We refer to [12] and [13] for basic notions and techniques used in the study
of finite rank torsion-free modules over Dedekind domains. Some of these
notions and results are borrowed from the theory of finite rank torsion-free
abelian groups, [5]. We also use [9] for specific results about torsion-free
abelian groups.
2. Finite rank torsion-free modules
Let R be a Dedekind domain. We denote by Q its field of quotients. A
torsion-freeR-moduleA is of rank n ∈ N if it can be embedded as an essential
R-submodule of Qn. If A is a finite rank torsion-free R-module, and End(A)
is the endomorphism ring of A then the ring QEnd(A) = Q ⊗R End(A) is
the ring of quasi-endomorphisms of A. This is an artinian Q-algebra, its
Jacobson radical J is nilpotent and J = Q ⊗R N (cf. [5, Proposition 9.1]),
where N is the nil-radical of End(A). We recall that QEnd(A) determines
the quasi-decompositions of A, i.e. the decompositions of A in the additive
category QT F whose objects are finite rank torsion-free R-modules, and
HomQT F (A,B) = Q ⊗R Hom(A,B). The homomorphisms in QT F are
called quasi-homomorphisms. Isomomorphisms in QT F are called quasi-
isomorphisms. A quasi-homomorphism between A and B can be identified
with a Q-linear map f between the injective envelopes QA and QB of A
and B with the property that there exists an element r ∈ R∗ such that
rf(A) ⊆ B. In this context it is useful to remind that two R-modules A
and C are quasi-equal if QA = QC and there exist r, s ∈ R∗ such that
rC ≤ A and sA ≤ C. Therefore, a homomorphism f : A→ B represents an
isomorphism in QT F if and only if it is injective, and f(A) is quasi-equal
to B.
A decomposition of a finite rank torsion-free R-module A as a direct sum
B⊕C in the category QT F is called a quasi-decomposition. This means that
theR-moduleB⊕C is isomorphic to a submodule ofQA which is quasi-equal
with A. Since the multiplication by r ∈ R∗ is an isomorphism in QT F , it
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follows that we can identify the quasi-decompositions of a finite rank torsion-
free R-module A with the direct decompositions of those submodules of A
which are quasi-equal to A. An R-module which is indecomposable in QT F
is called strongly indecomposable. Since the quasi-endomorphism rings of
finite rank torsion-free R-modules are finite dimensional Q-algebras, an R-
module A is strongly indecomposable if and only if QEnd(A) is a local
ring. Therefore, an endomorphism of a strongly indecomposable R-module
is either nilpotent or a quasi-isomorphism. It follows that the category QT F
is a Krull-Schmidt category, i.e. the quasi-decompositions into direct sums
of strongly indecomposable R-modules are unique up to quasi-isomorphism.
We recall that every torsion-free R-module of rank 1 can be identified,
up to an isomorphism, with a submodule of Q. The type of a torsion-free
R-module B of rank 1 is denoted by type(B) and it represents the quasi-
isomorphism class of B. Two non-zero submodules A and B of Q have the
same type if and only if there exists a fractional ideal I such that A = IB
(hence A is B-generated). The set of types is a lattice with respect the
partial order relation defined by type(A) ≤ type(B) if and only if there
exists a monomorphism A→ B. If A and B are non-zero submodules of Q
then inf{type(A), type(B)} = type(A∩B) and sup{type(A), type(B)} =
type(A+B). Let us point out that in the case of abelian groups two rank 1
torsion-free abelian groups of the same type are isomorphic, and in this case
the types can be described by using some numerical invariants. We refer to
[5] and [9] for the classification theory of torsion-free groups of rank 1.
Let A be a torsion-free R-module of finite rank. If X ⊆ A, we will denote
by 〈X〉⋆ the pure submodule of A which is generated by X. If a ∈ A is non-
zero then the type of a is defined as type(a) = type(〈a〉⋆). If x1, . . . , xn is
a maximal independent system of A then the inner type of A is computed
as
IT(A) = inf{type(〈x1〉⋆), . . . , type(〈xn〉⋆)}.
Let us recall that IT(A) is independent of the choice of the maximal inde-
pendent system x1, . . . , xn, and for every a ∈ A we have IT(A) ≤ type(a)
(in fact IT(A) is the greatest lower bound of the types of all non-zero ele-
ments of A).
We recall some basic properties of finite rank torsion-free modules over
Dedekind domains. The next lemma is proved in [12, Proposition 4.3]. For
reader’s convenience we present a short outline of the proof.
Lemma 2.1. Let B be a rank 1 torsion-free R-module. A torsion-free R-
module finite rank A is B-generated if and only if type(B) ≤ IT(A).
Proof. The direct implication is obvious since for every non-zero homomor-
phism f : B → A we have Ker(f) 6= B and Ker(f) is a pure submodule of
B. Then f has to be a monomorphism.
Conversely, suppose that type(B) ≤ IT(A). It is enough to prove that
for every non-zero element a ∈ A the rank 1 pure-submodule C = 〈a〉⋆ is
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B-generated. The module C is B-generated if and only if the natural map
ϕ : Hom(B,C)⊗R B → C, ϕ(f ⊗ a) = f(a)
is an epimorphism. We note that Hom(B,C) 6= 0 since type(B) ≤ type(C).
SinceR is Dedekind, all prime ideals are maximal, hence ϕ is an epimorphism
if and only if for all prime ideals p the localisation ϕp is an epimorphism.
Let p be a prime ideal. We can suppose that B ≤ C ≤ Q, hence for
every prime ideal p there exists −∞ ≤ ℓ ≤ k <∞ such that B = pkRp and
C = pℓRp. It is easy to see that ϕp is an epimorphism. 
The following result is known as Baer’s Lemma. For various proofs we
refer to [2, Theorem 4.5] (the endomorphism ring of a rank 1 torsion-free
R-module is Dedekind by [8, Lemma 1.1]) or [12, Theorem 4.16].
Lemma 2.2. Suppose that A is a torsion-free R-module of finite rank. Then
every short exact sequence
0→ C → A→ B → 0
of R-modules such that
(i) B is torsion-free of rank 1, and
(ii) A = C +
∑
f∈Hom(B,A) f(B)
splits.
As a corollary, we obtain the version of [5, Theorem 2.3] for Dedekind
domains.
Corollary 2.3. Let A
.
= B ⊕ C be a quasi-decomposition of the finite rank
torsion-free R-module A such that B is of rank 1 and type(B) ≤ IT(C).
Then A has a direct summand B′ which is quasi-isomorphic to B.
Proof. Let C⋆ be the pure submodule generated by C. Then A/C⋆ is quasi-
isomorphic to B, and it follows that the exact sequence
0→ C⋆ → A→ A/C⋆ → 0
verifies the hypotheses of Lemma 2.2. Then C⋆ is a direct summand of A
and a complement of C⋆ is quasi-isomorphic to B. 
Theorem 2.4. The following are equivalent for a finite rank torsion-free
R-module A over a Dedekind domain R:
(a) A is a self-pure-generator;
(b) all pure rank 1 submodules of A are A-generated;
(c) A has a quasi-direct summand B of rank 1 such that type(B) = IT(A);
(d) A has a direct summand B of rank 1 such that type(B) = IT(A).
Proof. (a)⇒(b) is obvious.
(b)⇒(c) We consider a quasi-decomposition A1 ⊕ · · · ⊕ Aℓ for the mod-
ule A such that A1 ⊕ · · · ⊕ Aℓ ≤ A and all submodules Ai are strongly
indecomposable.
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For all quasi-isomorphism classes associated to the R-modules A1, . . . , Aℓ
we fix representatives Bu ∈ {A1, . . . , Aℓ} with u = 1, . . . , n for some appro-
priate n.
Claim 1. For every non-zero element x ∈ A there exists u ∈ {1, . . . , n} such
that Hom(Bu, 〈x〉⋆) 6= 0.
In order to prove this, let x ∈ A be a non-zero element of A. Since A
is a self-pure-generator, there exists a non-zero endomorphism f : A → A
with f(A) ⊆ 〈x〉⋆. Then there exists i ∈ {1, . . . , ℓ} such that f(Ai) 6= 0.
Since Ai is quasi-isomorphic to some Bu, it follows that Bu is isomorphic
to an essential submodule of Ai, hence Hom(Bu, 〈x〉⋆) 6= 0, and the claim is
proved.
Claim 2. For every non-zero element a ∈ A there exists a quasi-direct sum-
mand Bu of rank 1, and a non-zero homomorphism f : Bu → 〈a〉⋆.
We start with a non-zero element a = a0 ∈ A. By Claim 1 there exists
u1 ∈ {1, . . . , n} and a non-zero homomorphism f1 : Bu1 → 〈a〉⋆. We fix
an element a1 ∈ Bu1 such that f1(a1) 6= 0. Therefore, we can construct
inductively a sequence
a0, a1, . . . , ak, . . .
of elements in A with the following properties:
i) for every k ≥ 1 there exists uk ∈ {1, . . . , n} with ak ∈ Buk , and
ii) for every k ≥ 1 there exists a homomorphism fk : Buk → 〈ak−1〉⋆
such that fk(ak) 6= 0.
We extend all homomorphisms fk to endomorphisms
fk : A1 ⊕ · · · ⊕Aℓ → A1 ⊕ · · · ⊕Aℓ
such that fk(Ai) = 0 for all direct summands Ai 6= Buk . Note that all
homomorphisms fk can be viewed as quasi-endomorphisms of A, i.e. as
restrictions of some endomorphisms of the Q vector space QA. In this
context, it follows that for every k ≥ 1 there exists a non-zero element
αk ∈ Q such that fk(ak) = αkak−1. It follows that for all k ≥ 0 we have
f1 ◦ f2 ◦ . . . ◦ fk 6= 0.
Since the Jacobson radical of the quasi-endomorphism ring of A is nilpo-
tent, it follows that there exists k ∈ N such that fk is not in the Ja-
cobson radical of QEnd(A). Using the proof of [5, Theorem 9.10] (see
also the proof of [4, Theorem 3.2]), we obtain that Buk = Buk+1 , and
fk /∈ N(End(Buk)). Since Buk is strongly indecomposable, it follows that
fk is a quasi-isomorphism. But the image of fk is of rank 1, hence Buk is of
rank 1, and Claim 2 is proved.
In order to complete the proof, since A has quasi-direct summands of rank
1, we can suppose for the quasi-decomposition A1⊕ · · ·⊕Aℓ of A that there
exists p ∈ {1, . . . , ℓ} such that Ai are of rank 1 for all i ∈ {1, . . . , p}, and for
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all i /∈ {1, . . . , p} the R-modules Ai are of rank at least 2. Since the quasi-
direct decomposition A1 ⊕ · · · ⊕Aℓ of A is unique up to quasi-isomorphism,
and the types of rank 1 torsion-free R-modules are invariant with respect
to quasi-isomorphisms, it follows from Claim 2 that for every a ∈ A there
exists i ∈ {1, . . . , p} such that type(Ai) ≤ type(〈a〉⋆).
For every i ∈ {1, . . . , p} we fix a non-zero element ai ∈ Ai. Then there
exists a quasi-direct summand B of rank 1 and a non-zero homomorphism
B → 〈a1 + · · · + ap〉⋆. Since type(〈a1 + · · · + ap〉⋆) ≤ type(Ai) for all
i ∈ {1, . . . , p}, it follows that there exists a quasi-direct summand B of A
such that for all a ∈ A we have type(B) ≤ type(〈a〉⋆). It is easy to see
that type(B) ≤ IT(A), hence the proof is complete.
(c)⇒(d) Suppose that B′ ⊕ C is a submodule of A such that it is quasi-
equal to A, B′ is of rank 1, and type(B′) ≤ IT(A). By Corollary 2.3 it
follows that A has a direct summand B of rank 1 such that
type(B) = type(B′) ≤ IT(A).
(d)⇒(a) From (d) it follows that for every pure submodule C of A we
have type(B) ≤ IT(C). Now the conclusion follows from [12, Proposition
3.7] and Lemma 2.1. 
It was proved in [15, Example 1.2] that there exist self-generator modules
M such that M2 is not a self-generator. Moreover, over Dedekind domains
all finite powers of a self-generator are also self-generators, [15, Theorem 2.1].
A similar property is valid for finite rank torsion-free self-pure-generators
over Dedekind domains.
Corollary 2.5. The following are equivalent for a finite rank torsion-free
R-module A over a Dedekind domain:
(a) A is a self-pure-generator;
(b) if n is a positive integer then An is a self-pure-generator;
(c) there exists a positive integer n such that An is a self-pure-generator.
Proof. (a)⇒(b) Since IT(A) = IT(An) for all n, we can apply Theorem 2.4
to obtain the conclusion.
The implication (b)⇒(c) is obvious.
(c)⇒(a) Using Theorem 2.4 we observe that An has a rank 1 quasi-direct
summand B such that type(B) ≤ IT(An) = IT(A). If we consider a
quasi-decomposition of A into a direct sum of strongly indecomposable R-
modules, it induces a quasi-decomposition of An into a direct sum of strongly
indecomposable R-modules. Since these quasi-decompositions are unique up
to quasi-isomorphisms, it follows that B is quasi-isomorphic to a quasi-direct
summand of A, and the proof is complete. 
3. Direct products of abelian groups
In [7] it is proved that a direct product G =
∏
i∈I Gi of a family of rank
1 torsion-free groups is a self-pure-generator if and only if for every x ∈ G
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there exists i ∈ I such that type(Gi) ≤ type(x). In the case when all Gi are
of the same type τ , G is a self-pure-generator if and only if τ is idempotent.
In the following we apply Theorem 2.4 to characterize self-pure-generators
which are direct products of finite rank torsion-free groups. In order to do
this we have to recall some facts about types of rank 1 torsion-free groups,
and to fix some notations.
Let P be the set of all (positive) prime integers. A family χ = (χp)p∈P
such that χp ∈ N ∪ {∞} for all p ∈ P is called a characteristic. For a fixed
characteristic χ we define the following sets of primes:
S∞(χ) = {p ∈ P | χp =∞},
Sf (χ) = {p ∈ P | 0 < χp <∞}, and
S0(χ) = {p ∈ P | χp = 0}.
Two characteristics χ and ϑ are equivalent if S∞(χ) = S∞(ϑ), and χp =
ϑp for almost all p ∈ P \ S∞(χ). The equivalence classes induced by this
equivalence relation are called types. If G is a torsion-free group and g ∈ G
then for every p ∈ P we define the p-height of g as
hp(g) =
{
∞, if g ∈ pkG for all k ∈ N;
the bigest non-negative integer kp such that g ∈ p
kpG, otherwise.
The family χ(g) = (hp(a))p∈P is called the characteristic of g. The type
represented by this characteristic is called the type of g, and it is denoted
by type(g). If h ∈ 〈g〉⋆ is a non-zero element then type(g) = type(h).
Therefore, all non-zero elements of a rank 1 torsion-free group G have the
same type, and this is called the type of G.
Two rank 1 torsion-free groups are (quasi-)isomorphic if and only if they
have the same type, hence this definition for the notion of type fits with the
the notion of type defined for modules over Dedekind domains. We recall
that if τ and υ are types represented by the characteristics χ = (χp)p∈P and
ϑ = (ϑp)p∈P then τ ≤ υ if and only if χp ≤ ϑp for almost all p, and if χp  θp
then χp is finite.
In order to study direct products of finite rank torsion-free groups, it is
enough to consider direct products with all factors indecomposable. In this
context, we recall from [14] that every finite rank torsion free group A has
a direct decomposition A = B ⊕ C, where B = 0 or B is a direct sum
of torsion-free groups of rank 1, and C is a torsion-free group which has no
direct summands of rank 1. Moreover, C is unique up to a near-isomorphism.
Recall that a subseteq J ⊆ I is cofinite if I \ J is finite.
Theorem 3.1. Let I be a set whose cardinality is smaller than the first
measurable cardinal. If Gi, i ∈ I, is a family of indecomposable finite rank
torsion-free groups, the following are equivalent:
(1) G =
∏
i∈I Gi is a self-pure-generator;
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(2) (a) there exists k0 ∈ I such that Gk0 is of rank 1 and
type(Gk0) ≤ IT(Gi)
for all i ∈ I, and
(b) if χ is a (fixed) representative characteristic for type(Gk0), there
exist a cofinite subset S ⊆ Sf (χ) and a cofinite subset J ⊆ I such
that for all p ∈ S and all j ∈ J the the groups Gj are p-divisible.
(3) there exist k0 ∈ I and a cofinite subset J ⊆ I such that
(a) Gk0 is of rank 1,
(b) if type(Gk0) is represented by the characteristic χ then
∏
j∈J Gj is
p-divisible for almost all p ∈ P \ S0(χ), and
(c) type(Gk0) ≤ IT(Gi) for all i ∈ I \ J .
Proof. (1)⇒(2) Let Gi, i ∈ I, be a family of indecomposable finite rank
torsion-free groups such that G =
∏
i∈I Gi is a self-pure-generator. For
every j ∈ I, we denote by υj : Gj → G the canonical embedding, and by
πj : G→ Gj the canonical projection.
Suppose that all Gi are of rank at least 2. Then for every i ∈ I there
exists gi ∈ Gi such that Hom(Gi, 〈gi〉⋆) = 0. Since G is a self-pure-generator,
there exists a non-zero homomorphism α : G → 〈(gi)i∈I〉⋆. Since the pure
subgroup 〈(gi)i∈I〉⋆ is a reduced torsion-free group of rank 1, it is slender,
hence there exists an index j ∈ I such that αυj : Gj → 〈(gi)i∈I〉⋆ is a non-
zero homomorphism. Then πjαυj(Gj) is a non-zero subgroup of 〈gj〉⋆, and
this contradicts the initial assumption. Therefore, the set
K = {k ∈ I | Gk is of rank 1}
is nonempty.
Let J = I \ K. For every i ∈ I we consider an element (gi)i∈I such
that gi 6= 0 for all i ∈ I, and Hom(Gj , 〈gj〉⋆) = 0 for all j ∈ J . Using a
similar technique as above, it follows that there exist k0 ∈ K and non-zero
homomorphisms αi : Gk0 → 〈gi〉⋆ for all i ∈ I. This implies that there exists
k0 ∈ K such that type(Gk0) ≤ type(Gk) for all k ∈ K. Moreover, it follows
that for every j ∈ J and every element gj ∈ Gj such that Hom(Gj , 〈gj〉⋆) = 0
we have type(Gk0) ≤ type(gj).
Suppose that there exists j0 ∈ J and an element h ∈ Gj0 such that
type(Gk0)  type(h). We consider an element g = (gi)i∈I such that gk0 6=
0, gj0 = h, and for all j ∈ J \ {j0} we have gj 6= 0 and Hom(Gj , 〈gj〉⋆) = 0.
Since Hom(G, 〈g〉⋆) 6= 0, it follows that there exist u ∈ I and a non-zero
homomorphism Gu → 〈g〉⋆. As above, it follows that there exist a pure
subgroup L ≤ Gu such that Gu/H is of rank 1 and there are non-zero
homomorphisms α : Gu/L→ Gk0 , β : Gu/L→ 〈h〉⋆, and αj : Gu/L→ 〈gj〉⋆
for all j ∈ J \ {j0}. By the choice of the elements gj , j ∈ J , we observe that
u /∈ J \ {j0}. If u ∈ K, it follows that type(Gk0) ≤ type(Gu) ≤ type(h),
a contradiction. Then u = j0. Therefore, we proved that if Gj0 has an
element h ∈ Gj0 such that type(Gk0)  type(h) then there exists L ≤
Gj0 such that Gj0/L is torsion-free of rank 1, type(Gj0/L) ≤ type(Gk0)
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and type(G/L) ≤ type(h). It follows that all rank 1 pure subgroups of
Gj0 are generated by Gj0 , hence Gj0 is a self-pure-generator. Since Gj0
is indecomposable of rank at least 2, we obtain a contradiction by using
Theorem 2.4, hence the proof for (a) is complete.
Suppose that (b) is not true. Therefore, Sf (χ) and I are infinite, and for
every cofinite subset S ⊆ Sf (χ) and every cofinite subset J ⊆ I there exist
p ∈ S and j ∈ J such that Gj is not p-divisible.
Applying this for S1 = Sf (χ) and J1 = I \{k0}, it follows that we can find
p1 ∈ S1 and j1 ∈ J1 such that Gj1 is not pj1-divisible. Now, suppose that we
constructed k pairwise different primes p1, . . . , pk ∈ Sf (χ) and k pairwise
different i1, . . . , ik ∈ I such that for all ℓ = 1, . . . , k the group Giℓ is not
pℓ-divisible. Using again our assumption for S = Sf (χ) \ {p1, . . . , pk} and
J = I \ {i1, . . . , ik}, it follows that there exist pk+1 ∈ Sf (χ) \ {p1, . . . , pk}
and jk+1 ∈ I \{i1, . . . , ik} such that Gjk+1 is not pk+1-divisible. Inductively,
we conclude that there exist an infinite sequence p1, . . . , pk, . . . of pairwise
different primes from Sf (χ) and an infinite sequence i1, . . . , ik, . . . of pairwise
different elements of I such that for every positive integer k the group Gik
is not pk-divisible.
Since the groups Gik are not pk-divisible, for every positive integer k there
exists an element gik ∈ Gik such that hpk(gik) = 0. We take an element
g = (gi)i∈I ∈ G such that gi = gik for all i ∈ {i1, . . . , ik, . . . }. If ϑ is the
characteristic of g, it follows that Sf (χ) ⊆ S0(ϑ). Since Sf (χ) is infinite,
it follows that type(Gk0)  type(〈g〉⋆). Moreover, type(Gk0) ≤ IT(Gi)
for all i ∈ I, hence Hom(Gi, 〈g〉⋆) = 0 for all i ∈ I. By using [9, Corollary
94.5], we obtain Hom(G, 〈g〉⋆) = 0, a contradiction, and the proof for (b) is
complete.
(2)⇒(3) Since a direct product of abelian groups is p-divisible if and only
if all its factors are p-divisible, it is easy to see that the group Gk0 and the
set J exhibited in (2) have the required properties.
(3)⇒(1) We write G = Gk0 ⊕ H ⊕ L, where H =
∏
j∈J Gj , and L =∏
i∈I\(J∪{k0})
Gi. From (b) it follows that type(Gk0) ≤ type(x) for all
x ∈ H, and (c) implies that type(Gk0) ≤ type(y) for all y ∈ L. It follows,
as in the proof of Lemma 2.1 that all pure subgroups of G are Gk0-generated,
and the proof is complete. 
In the following example we present a self-pure generator of infinite rank
which has no rank 1 direct summands.
Example 3.2. There exists a groups G which is a direct sum of a count-
able family of rank 2 torsion-free abelian groups such that G is a self-pure-
generator, but it has no direct summands of rank 1.
Proof. We index the set P of all prime integers as P = {pn | n ∈ Z}, and
for every integer k we consider the (idempotent) type τk represented by a
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characteristic χ = (χk,n), where
χk,n =
{
∞ if n < k, and
0 if n ≥ k.
Therefore, τk < τk+1 for all k ∈ Z. Since the types τk are idempotent, it
follows that for every k ∈ Z there exists a (unital) subring Rk of Q such
that type(Rk) = τk.
We claim that for every integer k there exists a strongly indecomposable
torsion free abelian group Gk of rank 2 such that
(i) for every g ∈ Gk we have 〈g〉⋆ ∼= Rk, and
(ii) for every k ∈ Z there exists an exact sequence of the form
0→ Rk → Gk → Rk+1 → 0.
In order to prove this, we will use the construction used in [10, Section 1].
Note that Rk is a subgroup of Rk+1 and Rk+1/Rk ∼= Z(p∞k+1). For all k ∈ Z
we will identify Rk+1/Rk with Z(p∞k+1). Let ϕ : Rk+1 → Z(p
∞
k+1) be the
homomorphism obtained by multiplying the canonical surjection Rk+1 →
Rk+1/Rk by a fixed transcedental pk+1-adic integer (hence ϕ cannot be
lifted at an endomorphism of Rk+1). Let us remark that Ker(ϕ) ∼= Rk. We
construct a pullback diagram
Rk

β

Rk


0 // Rk
α
// Gk //


Rk+1 //
ϕ


0
0 // Rk
ι
// Rk+1
π
// Z(p∞k+1) // 0,
where ι is the canonical injection and π is the canonical surjection.
We will prove that Gk is homogeneous of type τk. We observe that α(Rk)
and β(Rk) are pure rank 1 subgroups of Gk. By the choice of ϕ, it follows
that α(Rk) ∩ β(Rk) = 0. Hence Gk is a group of rank 2 which can be
embedded in Rk+1×Rk+1. It follows that the type of every non-zero element
of Gk is τk or τk+1. If there exists an element of type τk+1 in Gk then α
splits by Baer’s Lemma. But this is not possible since ϕ cannot be lifted to
an endomorphism of Rk+1. Therefore, Gk is homogeneous of type τk, and
using [5, Theorem 3.2] it follows that Gk is strongly indecomposable.
Let G =
⊕
k∈ZGk. For every non-zero element g ∈ G there exists k ∈ Z
such that type(g) = τk, and it follows that there exists an epimorphism
Gk−1 → 〈g〉⋆. It follows that G is a self-pure generator.
Now, suppose that G has a rank 1 direct summand A. Then we can find an
element a ∈ G such that A = 〈a〉⋆. There exist m ∈ Z such that type(a) =
τm. It follows that the m-th component of a is non-zero and there exists
n ∈ Z with m ≤ n such that a ∈
⊕n
k=mGk. From A ≤
⊕n
k=mGk, it follows
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that A is a direct summand of
⊕n
k=mGk. Since Gm is indecomposable, we
have m < n. But for every k > m the group Gk is homogeneous of type
τk > τm, and it follows that Hom(
⊕n
k=m+1Gk, A) = 0. Using the fact that
A is a direct summand, it follows that there exists a (non-zero) projection
π :
⊕n
k=mGk → A, and we obtain that Hom(Gm, A) 6= 0. Since A is
isomorphic to a rank 1 (pure) subgroup of Gm, it follows that Gm has an
endomorphism which is not a quasi-isomorphism. But this is not possible
by [5, Theorem 3.3]. Then our assuption is false, hence G has no direct
summands of rank 1. 
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